A diffusion process associated with the real sub-Laplacian ∆ b , the real part of the complex Kohn-Spencer Laplacian b , on a strictly pseudoconvex CR manifold is constructed in [6] . In this paper, we investigate diagonal short time asymptotics of the heat kernel corresponding to the diffusion process by using Watanabe's asymptotic expansion and give a representation for the asymptotic expansion of heat kernels which shows a relationship to the geometric structure.
Introduction
A diffusion process associated with the real sub-Laplacian ∆ b on a strictly pseudoconvex CR manifold M is constructed and the existence of C ∞ heat kernel p(t, x, y), t ∈ [0, ∞), x, y ∈ M for ∆ b is studied in [6] . As a question arising naturally from this result, we consider diagonal short asymptotics of the heat kernel, i.e. asymptotic behavior of p(t, x, x) as t tends to zero.
In [6] , the diffusion process on M is constructed via the Eells-Elworthy-Malliavin method. More precisely, a stochastic differential equation (SDE in abbreviation) on a complex unitary frame bundle is considered and its unique strong solution is projected onto M, then the resulting process on M is the desired diffusion process generated by −∆ b /2.
Since the diffusion process is obtained as a strong solution of an SDE, we can utilize the asymptotic expansion theory due to Watanabe (see [5] ) to investigate asymptotic behavior of the heat kernel associated with the diffusion process. To be more precise, if the solution U ε t , t ∈ [0, ∞) of the SDE which is obtained by putting a parameter ε > 0 into the SDE defining the diffusion process has a suitable expansion in ε, then composing with the delta function and taking the generalized expectation give an asymptotic expansion of p(ε 2 , x, x) in ε.
In Section 1, we will give a review on CR manifolds, the Tanaka-Webster connection, and the diffusion process on CR manifolds constructed in [6] . Section 2 will be devoted to a study on the asymptotic behavior of the local orthonormal frame written in the Folland-Stein local coordinate. We need information of higher terms of asymptotic expansion than shown in the original literature [3] . Our main theorem which describes a relationship between the coefficient of the asymptotic expansion of the heat kernel and the Tanaka-Webster connection will be shown in Section 3. Finally in Section 4 we will study examples of the asymptotic expansion, in the cases of the Heisenberg group and the CR sphere.
Diffusion associated with the sub-Laplacian
We begin with recalling diffusion processes associated with sub-Laplacian on CR manifolds constructed in [6] .
where , is the L 2 -inner product on functions given by
and the section d b u for u ∈ C ∞ (M) is defined by the composite of du with the natural restriction r : T * M → H * .
Tanaka-Webster connection
We now review a connection on the T 1,0 due to Tanaka [9] and Webster [10] , following [2] . Let J : H → H be the complex structure related to (M, T 1,0 ), which means that the C-linear extension of J is the multiplication by √ −1 on T 1,0 and − √ −1 on T 0,1 (note that H ⊗ R C = T 1,0 ⊕ T 0,1 ). We extend J linearly to T M by J(T ) = 0.
Since T M = H ⊕ RT = {X + aT | X ∈ H, a ∈ R}, there exists the unique Riemannian metric g θ on M satisfying that
g θ is called the Webster metric. We extend g θ to CT M C-bilinearly.
The Tanaka-Webster connection is the unique linear connection ∇ on M satisfying that
where ∇ X is the covariant derivative in the direction of X and T ∇ is the torsion tensor field of ∇:
..,n be a local orthonormal frame for T 1,0 on an open set U, that is, Z α is a T 1,0 -valued section defined on U and g θ (Z α , Z β ) = δ αβ , where Z β = Z β . If we set Z 0 = T , {Z A } A=0,1,...,n,1,...,n is a local frame for CT M. We define Christoffel symbols Γ C AB for A, B, C = 0, 1, . . . , n, 1, . . . , n by
Christoffel symbols satisfy the following:
(1.4)
Diffusion process
A diffusion process X = {({X(t)} t≥0 , P x ); x ∈ M} generated by −∆ b /2 is constructed in [6] via the Eells-Elworthy-Malliavin method. To be more precise, let U(T 1,0 ) be the complex unitary bundle over M given by
and π : U(T 1,0 ) → M be the natural projection. Here C n is considered to be equipped by the standard metric and T 1,0 by the Webster metric.
The canonical vector fields {L α } α=1,...,n on U(T 1,0 ) associated with the Tanaka-Webster connection can be defined via horizontal lift (see [6] for detail).
Let
t } t≥0 be a 2n-dimensional Brownian motion and let
The SDE on U(
or equivalently,
has a unique strong solution {r t = r(t, r, B)} t≥0 . Here the symbol • stands for the Stratonovich integral.
Projecting the process r t on M yields the desired diffusion process X, because for any x ∈ M, the induced probability measures on the space of continuous functions [0, ∞) → M coincide for all r ∈ π −1 (x). We note here a local representation of −∆ b /2. Let {Z α } α=1,...,n be a local orthonormal frame for T 1,0 on an open set U of M, and Γ C AB the associated Christoffel symbols as in the previous subsection. Then a straightforward calculation shows that −∆ b /2 is represented locally as follows:
Folland-Stein normal coordinate
Let {Z α } α=1,...,n be a local orthonormal frame around a fixed point x ∈ M. We set
We set E x (u) = C u (1). By a standard theory of ordinary differential equations, E x defines a diffeomorphism of a neighborhood U x of 0 ∈ R 2n+1 onto a neighborhood V x of x ∈ M. The inverse map E −1
x : V x → U x defines a local chart of M and the resulting local coordinates u j : V x → R, j = 1, . . . , 2n + 1, are referred to as the Folland-Stein normal coordinates. We hereinafter regard a function on V x as a function of u ∈ U x via E x .
To describe an asymptotic behavior of vector fields with respect to these coordinates, the following asymptotic notation is introduced:
Define the structure functions
Theorem 2.2. X j , j = 1, . . . , 2n can be written with respect to the Folland-Stein normal coordinates (u j ) j=1,...,2n+1 as follows:
for α = 1, . . . , n. Moreover, each c j,i,J , i = 1, . . . , 2n + 1, j = 1, . . . , 2n, J = a, is an at most a-th degree polynomial of
To prove the theorem, write
using the Folland-Stein normal coordinates, where
We use the following lemma [2, Lemma 3.3]:
Lemma 2.3. We have ∂ ∂s
where I is the identity matrix of size 2n + 1.
By Taylor's theorem, we can write for A = 0, 1, . . . ,
for some c ∈ (0, 1). Here we use the notation |J| = a and u
for each J with |J| = a + 1, we have
where
..,2n+1 , we note that the Taylor expansion yields
with
By Lemma 2.3, we have
We have from (2.4) and (2.5) that
for some constants c b 1 ,...,b i . Therefore we have the following expression:
can be written as a linear combination of terms
For small a we have
To establish Theorem 2.2, it remains to show that
for α = 1, . . . , n. To this end, it is enough to show the following:
). For α, β = 1, . . . , n we have
Proof. By (1.1), we have
This is rewritten using Christoffel symbols as
Taking conjugate of this equality yields
Next we have from (
Together with
The proposition follows by rewriting these equalities using definition of X j .
Theorem 2.2 has been proved from Propositions 2.6 and 2.7.
Remark 2.9. We note that an idea using exponential maps associated with vector fields is also seen in Ben Arous [1] .
One of difference between [1] and the present paper is the way in which exponential maps are used. In [1] , exponential maps are used to transform the solution of an SDE associated with vector fields. On the other hand, we have represented the vector fields in the Folland-Stein coordinate which is obtained by exponential maps, then in the next section we will consider an SDE in this coordinate and proceed in a perturbation argument taking advantage of Theorem 2.2.
Asymptotic expansion of the heat kernel
In this section, we consider the heat equation
We assume that M is compact. Then we have by [6] that there is a function
p(t, x, y) is the heat kernel associated to − 1 2 ∆ b . Now we state the main theorem of the paper:
) n dτ , which depends only on n.
(ii) For a ≥ 1, c M a (x) can be written as an at most 2a-th degree polynomial of at most 2a + 2-th derivatives of Christoffel symbols of M.
To prove the theorem, we first note that it is sufficient to consider the problem locally. To be precise, let {Z α } α=1,...,n be a local orthonormal frame for T 1,0 on a relatively compact open neighborhood V of x. Let X j , j = 1, . . . , 2n be as in Section 2 and
Let {((U t ) t≥0 , P y ); y ∈ V } be the minimal diffusion process on V generated by
and p be the density function of P y with respect to ψ. Repetition of the argument in [5, Section V.10] yields the following:
By Lemma 3.2, for a proof of Theorem 3.1 it suffices to show the theorem replacing p by the heat kernel associated with L. Moreover, by Theorem 2.2 we can assume that X j 's are vector fields on R 2n+1 which satisfy the condition of Theorem 2.2 and x = 0 ∈ R 2n+1 . For simplicity we write p by the heat kernel associated with L in the sequel.
We write
We also write
For later use, for ε ∈ (0, 1] we define
Then we have from Theorem 2.2 that
To state the next lemma, let S 2n = {ξ ∈ R 2n+1 ; |ξ| = 1} be the 2n-dimensional sphere and denote the standard inner product in R 2n+1 by , R 2n+1 . We identify
Lemma 3.7. For α = 1, . . . , n, we have
where the tangent vector at 0 of a tangent vector field V is denoted by V 0 . In particular, the set {(
Proof. We have ( X j ) 0 = ( ∂ ∂u j ) 0 for i = 1, . . . , 2n by (3.5). if we write
by (3.6). Then
can be seen as a continuous function on the compact set S 2n × [0, 1] ∋ (ξ, ε) which never attains zero. The lemma follows.
For ε > 0, let {U ε t } t≥0 be the solution of SDE 
, where the expectation is denoted by E and δ 0 is the Dirac delta function at 0 ∈ R 2n+1 . To investigate the asymptotic behavior of E[δ 0 (U 
where we set B 0 t = t. By applying the Itô formula repetitively, we have the following expansion formula (cf. [5] ): Proposition 3.9. For i = 1, . . . , 2n + 1, a = 1, 2, . . . and ε > 0, we have
where we write U ) and 
Using Theorem 2.2, we have
is Levi's stochastic area. From this we can write
. By the change of variables
we have Proof. We write
we can see that {F ε t } t≥0 obeys the SDE
where X ε j is given in (3.3), (3.4). Note that for any a ≥ 1, j 1 , . . . , j a ∈ {0, . . . , 2n}, the vector field
has bounded coefficients uniformly in ε ∈ (0, 1] on a neighborhood of 0 ∈ R 2n+1 . To see this, it is enough to show that for each i ∈ {1, . . . , 2n + 1}, j ∈ {1, . . . , 2n}, a ≥ 1, j 1 , . . . , j a ∈ {0, . . . , 2n} and ε ′ > 0,
hold, where J = (j 1 , . . . , j a ) and
We show (3.12) for i = 2n + 1 and proofs of other cases are similar or more clear. We have by definition of a 2n+1,ε and (3.5) that
for some c ∈ (0, 1) depending on ε and u. This shows the first formula in (3.12). We also have a
, which shows the second formula in (3.12).
Therefore we apply [7, Theorem 2 .17] to { X ε j } j=0,...,2n , together with Lemma 3.7, we have
with positive constants µ 1 , µ 2 , µ 3 which are independent of ε. This implies the desired result.
By Lemma 3.11 and the Taylor expansion
where y J = y j 1 · · · y ja and ∂ J = ∂ a ∂u j 1 ···∂u ja for J = (j 1 , . . . , j a ), we apply [5, Theorem V.9.4] to have (3.14)
].
Since we have by definition
, we arrive at the expression as follows:
where the summation ( * ) is taken over the set
Proof. From (3.14) and (3.15) we have the expansion
the proposition follows.
If we set X
, It is easy to observe that, for each term appealing in (3.17),
By considering the Brownian motion (−B
Using this, if we set ε 2 = t and c A = d 2A , we have the desired expansion in Theorem 3.1. In (3.17), we observe that (
terms, and if we note that
Theorem 2.2 shows that d A can be written as an at most A-th degree polynomial of at most A + 2-th derivatives of Christoffel symbols. It remains to calculate the leading term c 0
] is equal to the value at 0 of the density function of X 1 = (B Remark 3.18. By the integration-by-parts formula for generalized Wiener functionals (cf, for example [5] ), we can write
for a function Ψ of {B t } t∈ [0, 1] , where p X 1 is the density function of X 1 . Ψ is generally so complicated to write down but some examples of calculation will be shown in Section 4.
Examples
We show two examples of calculating the coefficients in the asymptotic expansion in Theorem 3.1. One is the Heisenberg group, which is a trivial example and all higher terms of the expansion vanish. The other is the CR sphere, in which some non-trivial higher terms appear.
The Heisenberg group
Let H n = C n × R be the (2n + 1)-dimensional Heisenberg group with a coordinate system (z, t), z = (z 1 , . . . , z n ) ∈ C n , t ∈ R. H n is a strictly pseudoconvex CR manifold whose CR structure is
Note that {Z α } α=1,...,n is a global orthonormal frame for T 1,0 . It is easy to see that the associated covariant derivation is a null mapping, i.e. 
The CR sphere
be the (2n + 1)-dimensional unit sphere which we regard as a submanifold of C n+1 . S 2n+1 has a CR structure
We can take
and then the Levi form is
which is positive definite, thus S 2n+1 is strictly pseudoconvex. Set
In the open subset U = {z; z n+1 = 0}, if we set
then {Z α } α=1,...,n is a local orthonormal frame for T 1,0 on U. A direct calculation shows that for α, β = 1, . . . , n,
By rewriting these equalities in terms of X i , we have the structure functions:
,n+α = 0, where α, β, γ ∈ {1, . . . , n} and x α = Rez α , y α = Imz α . We can also calculate Christoffel symbols, that is, by comparing (4.2) and (2.8), we have
for α, β, γ ∈ {1, . . . , n}. In particular, we have
Now let x = (0, . . . , 0, 1) ∈ S 2n+1 and we consider the Folland-Stein normal coordinate {u j } j=1,...,2n+1 around x. Theorem 2.2 and the calculation of C i jk 's above show that
We also note that Γ 
We also have
Let us describe c S 2n+1 1 (x) more specifically using modified derivative operator. 
Therefore we have
A direct calculation shows ).
